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SUMMARY
It is shown that the problem of determining the minimum
number of carriers required to meet a fixed schedule of trans-
portation can be made into & 1inear programming problem.
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MINIMIZING THE MUMBER OF CARRIERS :
TO MEET A FIXED SCHEDULE ]

by

G. B. Dantzig
D. R. Fulkerson

1. INTRODUCTION

C. Tompkins (see [3]) has given a discrete ideallzation of
a scheduling problem which arose in the routing of Navy fuel oil
tankers. A combinatorial problem of this kind has also been dis—

cussed by J. Robinson and J. Walsh [?], together with a proposed

method of computation. The algorithm they oupline, however, falls
to narrow the number of possibilities sufficiently to make it a
feasible computational method for most problems.

In this note we show how the tanker scheduling problem can :
be made intc & linear programming problem of transportation type, i
albelt large. The size of the system is mitigated somewhat by the |
following facts: (1) most of the variables are constrained to be
zero, (2) the minimizing form is particularly simple, and (3) even
a large traﬁsportation type problem having no special features can

pe solved by hand using the simplex algorithm [1].
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2. THE PROBLEM

A rectangular array of spaces is furrished, one row for each
pickup point and one column for each discharge point. 1In each
space (1,J), i=1,2,...,m; J=1,2,...,n is a sequence of numbers

ttj, k=1,2,... representing the times at which a tanker is to

load fully at pickup point 1 to deliver to destination J. For

example, in the array

1 2 3
1 I, %5 75 10, 13 9, 15 6, 12
2 |3, 6,9, 12 7, 10, 13, 15} 5, 10, 15

the sequence 3, 6, 9, 12 1in box (1,2) means that at these times

a tanker is to begin loading at pickup point 2 for delivery to

discharge point 1. Multiple loads to go from 1 to J can be taken
care of by repetitions 1n the sequence ttj. We make the further
assumption, not made in [3], that the total number of entries in
the table ¢t = (ttj) is finite.

In addition, two arrays of positive numbers ai‘1 and b1J are
given, where a1J represents the loading—traveling time from i to
J, and bij the unloading—traveling time from J to 1.

The problem 18 to rearrange the numbers tfd into s sequences

such that

s o v =
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(2.1) each sequence 18 monotone increasing;
k k
1 2

<t
1)) © T1dp

of the s sequences, then

f2.8) 1§ ¢ are consecutive numbers in any one

k k
2 1 > b

¢ -t a + ;
1adp T1,d) = 745 154,

(2.3) s s minimal.
In other words, each sequence is a schedule for one tanker, and
the objective is to meet the fixed schedule given by table t with
a minimum number of tankers.

If, in the example, we take

14 13 L2211

then a feasible schedule using seven tankers would be represented

by the rearrangement

1 1 1 5 .

(1) t]; =1, tax=5, tp =7, bty =13

2 2

(2) t2, =3, t5, =6, 3, =9, tj,=15
2 1 X &

(3) t], =%, tip=9, ty =15
1 2 )

(5) 331 =17, c§3 - 10, tga = 13

(6) nfj =12

(1) t}, =10

mmmﬁnmmm z == ;_- -- T mmm
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3. REFORMULATION AS A PROGRAMMING PROBLEM

For convenience in expositiocn, we suppose that the numbers

k
tygr Byg0 Pyy
this is not essential to the method of solution.

are positive integers. It will be clear that

First construct the table of sequences T = (t}icJ + aij)'

Thus, Tfj are the times when tankers loaded at i will arrive at

J. Define

i = k = &

“01 number of times t1J a occurs in row 1 of t;

NBJ = number of times T¥J = p occurs in column J of T;
l.e., n°1 1s the number of tankers loading at 1 at time a and

NBJ i{s the number arriving at J at time p. Thus, qui is defined
k
for a=1,2,...,max tiJ and NBJ is defined for p-l,?,...,mu T}{J.

For any schedule, denote the nunber of reassignments from

discharge point J at time p to loading point 1 at time a by

xuiBJ' Then for all possible schedules, the inequalities

(3.1) a?1x°1BJ S Nag
z

, B,J
(3.2) %1y 2 ©

rhi

IN

*a1p J

are satisfied. In addition, 1t follows from (2.1) and (2.2) that

(3.3) biJ >a-f implies xﬁiBJ =0 .

The system (3.1) can be made into a system of equallties which




is formally of transportation type by introducing non-negative

slack variables Xay yBJ and z = Zi B?:i xﬂlﬂd . Then (3.1)
, a,

may be rewritten a:z

L Xgypy * Xgz " Tgy » Xgp 20

b z >0
a,inal ’ -

™M
he]
Q
>
+
N
]

ﬂfJNBJ ’

and hence each schedule leads tc an integral solution of (3.2)

and (3.4) which satisfies condition (3.3).

Conversely, given any integral solution of (3.2), (3.3), and

(3.4), a schedule can be constructed from it as follows: Each

Xaq

will be the number of tankers which start their individual l
schedules at time @& from lcading point i; I.e., there will bpe 1
|

X sequences 1n the rearringement which have a tk =g as first
al ¥ 1J Kk

X, o
s t ch %, = from t; let = T +
member Delete one 8su “oJo 5 ; le Bo 1OJO-QO ay

Since N > 0, at leazt one of the variables X , ¥
Bodo a1B J, Bodo

has a positive value. 3elect one such.
k

1
Case l. X > O was selected. Then there is a ¢t = q
=" T11;85d5 1,4, "1

since ng 4 > 0. Assign al as second member of the sequence.

Observe that by (3.3), a, —-50 > by , hence

lJo

1

- . o

e 4 % T
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=a, -p_ + a > a + b
1 (o} 1°J° ~ 71 i

1h 1odo oo 190

and (2.2) is satisfied. Strike out @, from t and reduce
by unity.
x(’11150"0 ’ I\bo"c ’ n"111
Case 2. yB 1 > 0O was selected. In this case the sequence ends
ovo

with a_ . Reduce p by unity.
° poJo Nbo"o X

If Case 1 obtained, let bl =T =6, +a , and

1lJI 11‘11
examine the values of the variables qulel 5 yﬂlJl ., Again

one of these must be positive. Apply either Case 1 or Case 2
with °1 playing the role of uo. Repetition of the procedure out—
iined must eventually end with the selecticn of some ykak >0
(since by (3.3), a < B implies Xa1pg = 0), thus completing one
of the sequences. The others can be gotten in the same way.

Notice that while many schedules can be constructed from

an integral solution of (3.2), (3.3), and (3.4), the only physical
difference between two such is that there may be more than one
tanker avallable at the same time at some dlscharge point, in which
case they are interchangeable.

Thus, the tanker scheduling problem can be viewed as one of
minimizing azjxai , the number of sequences 1n & rearrangement
(or what is éﬁe same thing, maximizing the variable z), over the

set of integral solutions* of (3.2) and (3.4) in which the

#Such whole number solutions always exist, e.g., take all
x°15J = 0. This corresponds to the worst possible schedule of

assigning a different tanker for each trip.




variables designated by (3.3) are fixed at zero. But it 18 well
known [1] that the maximum of a linear form defined over all
solutions of (3.2) and (3.4) is always assumed at some integral
solution, and it 18 easy to see that this fact 1s not altered
by imposing additional constrainte of the form xﬁiBJ = 0 , Hence
the scheduling problem can be solved by the simplex algorithm,
since the nature of the algorithm is such as to obtain a required
integral solution. Moreover, the algorithm is extremely simple
to apply when the problem is of transportation type, as is this
one.

It 1s obvious also that linear programming can be used to
optimize scheduies with respect to other costs. For example,
it would be simply a matter of changing the minimizing form,
holding z fixed, to find a schedule for a given nunber of tankers

which has the least salling time.

4, A NUMERICAL EXAMPLE

We continue with the example of §2. First form the table of

arrival times

1l 2 3
113, 6, 9, 12, 15 12, 18 8, 14
T = .
2 {4, 7, 10, 13 9, 12, 15, 17 | 6, 11, 16

Using this table and the one of loading times, compute all qni
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and NBJ' After discarding those rows and columns having ngq OT
NBJ zero, one is left with the transportation problem whose
constraints are indicated schematically in Fig. 1. Crossed out
cells mean that the corresponding varisble is constrained to be
zero by (3.3). The solution shown in Fig. 1 corresponds to the
schedule using seven tankers glven in §2. Thie is a degenerate
solution to the programming problem and so it is necessary in
applying the simplex algorithm to pick out other basic variables
having zero values. One way of doing this 1s shown 1in Fig. 1 by
the placement of the 0O's.

An optimal solution, reached after a few iterations, 1=

shown in Fig. 2. It corresponds to the following six—tanker

schedule:
1 1 ) 5 w
(1) t]; =1, thzx =5, % 7, t7; =13
(2) thy =3 toy 6, tp 9 , t13 12
2 1 y
(3) tll % u’l tl2 =9, t22 = 15
1 2 3 .
(#)  t1x = 6, tpy =10, t55 =15
)
(5) 3, =7, t&, =10, 2 212, 2, =15
11 23 21 12
I B .
(6) tyy = 10, tap = 13 -
WWM""" " e . e e~ =
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